IEEE TRANSACTIONS ON SYSTEMS, MAN, AND CYBERNETICS, VOL. XX, NO. Y, MONTH 1999 1

Robust Stability Analysis of Discrete-Time Systems
Using Genetic Algorithms

M. Sami Fadali, Yongmian Zhang , Sushil J. Louis

Abstract— We reduce stability robustness analysis for lin-
ear, time-invariant, discrete-time systems to a search prob-
lem and attack the problem using genetic algorithms. We
describe the problem framework and the modifications that
needed to be made to the canonical genetic algorithm for
successful application to robustness analysis. Our results
show that genetic algorithms can successfully test a suffi-
cient condition for instability in uncertain linear systems
with nonlinear polynomial structures. Three illustrative ex-
amples demonstrate the new approach.
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I. INTRODUCTION

Although robust stability and control has been an active
area of research since the 1970’s [1], [2], [3], the Kharitonov
approach to robust stability analysis is of more recent vin-
tage [4]. Most existing work on robust stability analysis is
based on relatively simple uncertainty structures and for
systems with more complex uncertainty structures, these
approaches are no longer feasible. Kharitonov’s theorem
for example [5], only applies to continuous-time systems
with interval polynomials. Although the edge theorem re-
laxes Kharitonov’s assumptions, the time complexity for
this approach for a fixed order polynomial is O(n2"~1),
where n is the number of polytope edges [6]. Thus, it
is not computationally tractable for even modestly large
numbers of uncertain parameters. Zadeh provided an im-
portant tool known as the mapping theorem for testing the
stability of polynomials with multilinear coefficients, but its
time complexity for a fixed order polynomial is even worse
(0@221)) [1]

Although there is no discrete analog of Kharitonov’s the-
orem, robust Schur stability analysis has been widely inves-
tigated [1], [4], [1], [8], [9]- Unfortunately, the approaches
in the literature are not in general applicable to polyno-
mials with nonlinear uncertainty structures. The results
can only be applied to non-linear uncertainty structures
if overbounding is used, and provide a sufficient test for
stability [4], [10]. In general, the main approach for han-
dling nonlinear uncertainty structures is by dense gridding
of the uncertainty domain. In special cases, alternative
approaches, such as the construction of the value sets us-
ing tree structured decomposition [10], are feasible. The
questions of stability and stabilization of complex uncer-
tain systems remain among the most important issues in
control engineering today.
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Recently, genetic algorithms (GAs) have been widely
applied to effectively solve difficult optimization prob-
lems [11], [12], [13]. These algorithms have proven to be
efficient for complex problems which are not computation-
ally tractable using other approaches. GAs have attractive
features for robust control problems because they do not
require linearity, continuity, or other restrictions as in clas-
sical approaches. Furthermore, genetic algorithms offer the
attraction that all parts of the feasible space are potentially
available for exploration. This enhances the robustness
properties of genetic search and the results obtainable for
problems under investigation. Some researchers presented
encouraging results by applying GAs to control parame-
ter estimation [14], [15], [16], optimal control [17], [18] and
robust controller design [19], [20], [21], [22], [23]. To our
knowledge, genetic algorithms have not been utilized for ro-
bust stability analysis of discrete-time uncertain systems.
In this paper, we investigate the applicability and adapt-
ability of GAs in providing a sufficient test of instability for
such systems. We believe our instability test complements
the overbounding stability test and provides a useful tool
for investigating robustness.

The remainder of the paper is organized as follows. In
Section 2 we give a framework for robust stability analysis
of discrete-time systems. Section 3 describes the canonical
genetic algorithm while section 4 describes our modifica-
tions to the canonical genetic algorithm for application to
robust stability analysis. We present computational results
and analysis in Section 5. Conclusions and directions for
future studies are presented in Section 6.

II. ROBUSTNESS OF DISCRETE-TIME SYSTEM

Consider a linear time invariant discrete-time system.
The stability of the system can be determined by examin-
ing its characteristic equation. The characteristic equation
may be written as:

P(z,q) = {p(z,q) = | a;i(@)z',q € Q} =0 (1)

=0

where a;(q), i = 0,1,...,n are functions of the uncertain
plant parameter vector q, and q € Q C R,. The coef-
ficients a; may be interval, affine, multilinear or even ex-
ponentially dependent on the uncertain plant parameter
vector q. When the coefficients are nonlinear, traditional
methods fail, and overbounding or gridding are our only
options. Unfortunately, overbounding gives conservative
stability results while gridding is only feasible for a small
number of parameters.
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The stability boundary for Equation (1) is |z| = 1. The
stability test is to determine if there exists a system pole
outside the unit circle. Using the mapping 2’ — 27!, the
instability region becomes the closed unit disc U, and there-
fore, system instability testing reduces to searching for a
pole inside or on the unit circle (see Figure 1).

If the polynomial coefficients are continuous functions of
the uncertain parameters and no degree dropping occurs,
the system instability test can be simplified to searching for
a root on the unit circle and the mapping z' — 2z~ ! need
not be used. This follows from the well known boundary
crossing theorem [10].
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Fig. 1. Roots of P(2’,q) in the unit circle

Searching for a root inside or on the unit circle can be
formulated as minimizing the cost function
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Fig. 2. Minimization of a cost function

=|P(<,q))], 2 €Uandq € Q (2)

with tolerance € as shown in Figure 2 and where U denotes
the closed unit disc and Q is the set of feasible parameter
vectors. The robust stability problem can now be stated
as follows: Given a family of characteristic functions P
associated with uncertain physical parameters q, search
the space U x Q for a minimal value of |P(z',q)|, ¥V 2/ € U
and V q € Q. If 3 a "zero” of |P(z',q)|, then the system
is unstable. If the polynomial is continuous and no degree
dropping occurs, we search for the roots on the unit circle.
If P(Re’?,q) # 0,V q € Q, § € [0,7] and R = 1, then
further search inside the unit circle will be necessary. Thus
there are two main possibilities:

1. If we find a “zero” on or inside the unit circle, we
have sufficient evidence to conclude that the system is
unstable

2. Otherwise, if we do not find a “zero” there are two
further possibilities.

(a) The system is unstable but the genetic algorithm
cannot find a “zero,” or
(b) The system is stable

We cannot distinguish between 2a and 2b and thus our
approach can only provide a sufficient condition for insta-
bility, not a necessary condition. Specifically, not finding a
“zero” of the polynomial does not provide any information
about system stability.

A key issue that arises in this approach is the extremely
large search space. In such a large search space, exhaus-
tive search methods take unacceptably long while robust
search algorithms provide a promising alternative. Genetic
algorithms were designed to robustly and efficiently search
large, nonlinear search spaces where traditional optimiza-
tion techniques are not feasible. GAs are particularly at-
tractive because they do not require the coefficients of the
characteristic polynomial to be linear and we thus choose
to use GAs as the search method for this paper.

III. GENETIC ALGORITHMS

GAs are stochastic, parallel search algorithms based on
the mechanics of natural selection and the process of evo-
lution [24], [12]. GAs were designed to efficiently search
large, nonlinear spaces where expert knowledge is lacking
or difficult to encode and where traditional optimization
techniques fail. GAs perform a multi-directional search
by maintaining a population of potential solutions usually
encoded as bit strings and encourage information forma-
tion and exchange between these solutions. A population
is modified by the probabilistic application of the genetic
operators from one generation to the next. Whenever some
individuals in the population exhibit better than average
performance, the genetic features of these individuals will
be copied with high probability to the next generation.

Evaluation of each string which encodes a candidate so-
lution is based on a fitness function that is problem de-
pendent. Selection is done on the basis of relative fitness
and it probabilistically culls solutions from the population
that have relatively low fitness. Recombination consists
of mutation and crossover. Mutation insures against the
permanent loss of genetic material during the selection
process and with low probability flips a bit in the geno-
type. Crossover is a structured yet stochastic operator that
allows information exchange between candidate solutions.
Figure 3 shows that one point crossover is implemented by
choosing a random point in the selected pair of strings and
exchanging complementary substrings defined by the cho-
sen point. Conceptually, GAs work with a rich population
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Fig. 3. One point crossover

and simultaneously climb many peaks in parallel during
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search processing. This significantly reduces the probabil-
ity of getting trapped at a local minimum. They are thus
considered more robust and more broadly applicable than
other similar search algorithms.

IV. GA ENCODING FOR ROBUST STABILITY ANALYSIS

In the general case, the closed-loop characteristic poly-
nomials is defined in parametric form as

n
P(z,q,k) = Z a;(q,k)z" (3)
i=0
The controller parameter vector k and the operating do-
main Q are given. In such a polynomial family, the coeffi-
cient a;(q, k) include any continuous nonlinear functions,
in which we are particularly interested in coefficients with
nonlinear dependency. The roots of this polynomial are
complex and equal to |z'|e’? and the range of q is defined by
its pre-specified minimum and maximum values [q—,q7].
The objective of the genetic algorithm is to find:

f(zq) = Min[|[P(z",Q)]], ¢€Q, z€U (4)

where B
Q C R"and U C R?

Q={a:a=[¢lq; <@ <q Vi=1,..,n}
U={:]1<1}

We exploit the fact that for real coefficients, roots are com-
plex conjugate pairs or real. Hence, the search space can
be restricted to the upper half of the unit circle shown in
Figure 1.

A. Representation

We use a small margin of tolerance € to represent a true
numeric zero. € can be the computer’s floating-point pre-
cision, or double precision, since high precision is required
in our problem. Additionally, the uncertain polynomial
in real applications may contain numerous parameters. In
such uncertain parameter optimization problems, a long
bit string is required in order to extend the precision and
represent the entire range of each parameter. Thus the bi-
nary chromosome representation traditionally used in GAs
shows some deficiencies since a long chromosome usually
results in poor performance for GAs.

In order to overcome the drawback of the binary rep-
resentation, we coded the GA chromosome as a vector of
real numbers with double precision. Each parameter ¢;,
i = 1,...,n, is initialized within the pre-specified domain
[¢7,q]]. The magnitude of the root 2’ is initially selected
to be within [0, 1], while the angle 6 is in the interval [0, 7].
Compared with binary representation, real numbers are
better capable of representing our desired domain. The
precision only depends on the machine we use and the ac-
curacy depends on the user’s requirements. We define the
chromosome for the uncertain polynomial p(z’, q) as:

Clt:<q177qk77QTl7Z70>7 IS]{?STL (5)

Cf+1 ={q1s s @y -r ny 25 0"), K E(L,...,n) (6)

where C! is the chromosome of population i in tth gener-
ation. Cf"'l is a new chromosome for the next generation
after genetic selection. The ¢}, 2z’ and €' in Cf“ satisfy

{ ar + At g — i) « flip{0; 1} =0 ™
a — At gy — qi ) - flip{0;1} =1

ap,

o { 2+ A(t,z—1) flip{0;1} =0 (8)
Tl 2= A(t,z—0) flip{0;1} =1

| 0+ AR 0—7) flip{0;1} =0

0 —{ 6 ALE_0) + fliplo1) =1 (9)

B. Tuning Genetic Algorithms

We assume that the polynomial P(z’',q) contains non-
linear coefficients, and may therefore have numerous finite
local extrema. To enhance the GAs ability to efficiently
find a desired global minimum hidden among many local
extrema, a good balance between exploration and exploita-
tion is necessary. Our strategy is to give GAs a richer
population and more exploration to avoid unfavorable lo-
cal minima in early stages. Later, we gradually reduce the
number of such minima qualifying for frequent visits. The
attention finally shifts more to smaller refinements in the
quality of solution.

Instead of constant population size, we introduce a vary-
ing population size schedule by utilizing information about
the individual fitness. This has also been investigated
in (251, [26], [27], [22):

p(t+1) =p(t)(1+p) — D(1) (10)

where p(t + 1) is the population size for next generation;
p(t) is the size of current population; p is the reproduction
ratio and D(t) is the number of expired individuals. The
individual lifetime can be determined by

fitness(Ct) — FitMin
FitMax — FitMin

MinLT +n (11)
where FitMax and FitMin are maximal and minimal fit-
ness values found until the current generation, respectively.
MinLT is minimal allowable lifetime and 7 is a constant
which can be set to greater than 1. Although varying the
population size introduces additional complexity in out im-
plementation, our tests indicate that the output quality im-
proves significantly and the number of generations needed
for searching a desired global optimum decreases compared
with the canonical genetic algorithm.
The mutation schedule known as non-uniform mutation
can be stated as follows [27]:
Alt,y) = y(1 —r3-U/D") (12)
where r is a random number in [0,1], and b is a system
parameter determining the degree of nonuniformity, and y
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equals to (gx — qk+) or (g — g, ) for uncertain parameters,
(z — 1) or (2 — 0) for the absolute value of the root and
(0 —m) or (6 —0) for the angle of the root. The property
of this mutation schedule is to help the GA wander freely
among local minima at early stages. The attention of mu-
tation then shifts to smaller refinements in the solution at
later stages when we are in the vicinity of a possible global
optimum. Based on our tests results, a large mutation rate
is suggested. We assume C! and C!,; to be two individu-
als of population p(t) at generation t. Their offspring for
the next generation ¢ + 1 are generated by linearly com-
bining these two individuals. The resulting offspring are
generated by the rules

Cztill = (1 — api+1)Cf+1 + Oépi+lc’f (14)

where a is the value of the random variable distributed
on [0,1]. pis a bias factor that specifies how much addi-
tional information is taken from the dominating individual
(higher fitness) in the current stage. The new offspring at-
tempt to inherit the better genes from each of their parent.
Assuming maximization problems with a non-negative fit-
ness function, p can then be determined from the following
equations.

_J & if& <1
”"‘{ 1 cif&>1 (15)
_ fitness(CY)
b= fitness(CL, ) (16)
_ fitness(Cl, )
Sivr = fitness(C?) (17)

Implementing these two equations does not raise the ge-
netic algorithm’s computational complexity and, based
on our numerical tests, the performance of our modi-
fied genetic algorithm is significantly better than that of
a canonical genetic algorithm. Figure 4 illustrates this
crossover operator. When parentl shows better fitness
than parent2, childl is allowed to copy additional informa-
tion from parentl. As a result, the chromosome of childl
retains more similarity with parentl.

V. RESULTS

In order to validate our proposed approach, we tested
different parametric polynomials with various types of non-
linear dependency. In all cases, except for a specially con-
structed example (3) below, the GA successfully tested the
sufficiency condition. For brevity, we only consider three
of the numerous examples we used to test our approach.

A. Example 1

Consider the following 2z’ polynomial

+
o - o
© = o
g 5 | g
I
9P i _ 1-ap
| 1
Fig. 4. Our crossover operator
ap = (q?; - q)
. T
o = = (g3 = 2qisin(50))
a2 = (24344
az = —q%
a4 = q1
as = q + @2
with @ = {q : ¢ € [0.5;1.0], ¢ € [0.8;1.5], g3 €

[0.4;1.2], g4 € [0.5;1.0], g5 € [0.8;1.7]}. The coefficients
of polynomial include affine, multilinear, quadratic and
trigonometric terms.

The result given in Figure 5 demonstrates the fitness
value of an uncertain polynomial found by the GAs as
a function of generation. We set the tolerance e equal
to 9 x 10716 as a true numeric zero. The GA stopped
when its fitness reaches e. From Figure 5, although
the fitness profile barely (visibly) changes after the 40th
generation, the GA continuously takes tiny steps to ap-
proach a final optimal solution. After running 226 gen-
erations, the GA found a pair of roots on the unit
circle for P(z',q) at |1.0]e>84317337937836980) with q
[0.998697534807558, 1.492783030649645,
0.424252720951437,0.982848197210973,
0.808143979297398]7 and P(z',q) = 5.551E—17 £ 4.441E—
165. Since the accuracy is far beyond our requirement,
we can safely conclude that there is a root on the unit
circle and that the given polynomial P(z',q) is unstable.
The computation time required is less than a minute on a
PentiumPro-200.

Although detecting a root on the unit circle is sufficient
to conclude the search, we continued searching for roots
inside the unit circle. The GA detected a pair of roots at
|0.99448845954136977|e0-05541191108445074) pfter 498 gener-
ations. Obviously, searching for roots on the unit circle is
more efficient than searching inside the unit circle. In this
example, GAs worked well for testing the sufficient condi-
tion of instability for nonlinear uncertain systems with a
given accuracy.

It is interesting to visualize how the uncertain parame-
ter is evaluated by the GA. Figure 6 shows changes in the
uncertain parameter family during the evolutionary pro-
cess. The value of parameters in each generation sways
severely in an early short period. It then advances forward
to the root by making very fine step changes. The GA

P(2',q) = ap + a1z’ + a2z + a3z + as 2™ + agediches fit structures in the uncertain parameter Q space
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Fig. 5. The fitness of the polynomial P(z’,q) as function of genera-
tion (Example 1)

and moves toward the global optimum by gradually reduc-
ing the chance of reproducing unfit structures, as shown in
Figure 6. Unlike gridding techniques, which leads to a com-
binatoric explosion in the parameter domain, GAs search a
much smaller set of structures based on natural selection,
and save enough computation time to make a search based
approach feasible for this problem.
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Fig. 6. The uncertain parameter space Q of P(2’,q) as a function
of generation

B. Ezample 2

Consider the following characteristic polynomial

P(z,q,k) = ap + a1z + az2” + azz®
ap = (g
1
ar = Sla(l+e ") + k(1 —g—e )]
1
az = S[q(1 +3e"") + k(3 —2ge™"" —¢

—3e 1)

1
as = —§[q67‘1T + k(1 —gem ™ — 7T

where ¢ is a plant parameter and k is the controller gain.
The coefficient functions are exponential for the uncertain

plant parameter ¢ and affine for the controller gain k. Ro-
bustness analysis for such an exponential dependence is
difficult using conventional techniques. Let the sampling
interval 7' be unity and the feasible region for the uncer-
tain parameters be Q {¢,k: ¢ € [0.1,2], k € [0.1,2]}.

We set all parameters of the GA to be the same as in
the first example. We map z to 2z’ in the given polyno-
mial by reversing the order of the coefficients then test
for the existence of a root on or inside the unit cir-
cle. Once again, the tolerance ¢ is set to 9 x 1076 as
a true numeric zero. First, we check for roots on the
unit circle. After 58 generations, the tolerance e converges
to 0.00021171124248198 and further improvement is un-
likely, as shown in Figure 7. The value of P(z',q, k) is
2.111E—4 £ 3.6812E — 11j. The accuracy is not satisfac-
tory for our requirement, and therefore further search in-
side the unit circle is necessary. After running 153 genera-
tions searching inside the unit circle, the GA finally found
a pair of roots at |0.985708500750795|e!-570796326794897005
with ¢ = 0.10000000000000001, %k = 1.427358664247987,
and P(z',q, k) = 1.6653E—16 + 5.4515E—16;. Once again,
using the GA, we can conclude that the given polynomial
is unstable.
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Fig. 7. The fitness of the polynomial P(z’,q) as function of genera-
tion (Example 2)

C. Ezample 3

We now consider a simple example that has been specif-
ically constructed to mislead the genetic algorithm ap-
proach. Consider a fourth order z' polynomial

P(Zlv(I) =ap+az + a2z'2 + a32'3 +as?
ap = q§ —q2q1
ay = q15in(mgs))

as = 142 q3

az = G B
a4 = —(q1G243

The system’s uncertain parameter ranges are
Q={a: ¢ €[1.43.0], 2 € [1.0;2.8], g3 € [1.8;3.2], qx €
[1.2;2.8]}. We constructed this polynomial to stress that
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our approach only provides sufficiency conditions. A ge-
netic algorithm using the same GA parameters as in the
previous two examples was unable to find any roots on
or within the unit circle even after 1000 generations. We
thus cannot conclude anything about the system’s stabil-
ity from our approach and will need to use some other tool
for stability analysis — in this case, an analytic solution is
possible.

VI. CONCLUSIONS

In this paper, we demonstrated how genetic algorithms
can be applied to aid robust stability analysis. Our ap-
proach only provides a sufficient condition for instability
for uncertain nonlinear parametric polynomials. We mod-
ified the GA using novel genetic operators and applied the
GA to problems that are difficult to solve using conven-
tional methods due to nonlinearities in the coefficients of
their characteristic polynomials. Our computational re-
sults indicate that GAs can test the sufficiency condition
for system instability with a given accuracy. Furthermore,
GAs can be applied to a wider class of systems with large
numbers of uncertain parameters. This perspective makes
GAs rather unique and promising compared with other ap-
proaches.

We also note that if the GA search is unsuccessful we
cannot make any conclusions about stability or instability.
Our last example illustrates this fact. However, the paucity
of tools for dealing with nonlinear parametric polynomials
makes our genetic algorithm based approach a viable alter-
native.

A necessary and sufficient condition for robust stability
of discrete-time systems is that all roots of its character-
istic polynomial lie inside the unit circle. However, to use
genetic algorithms to test this stability condition further in-
vestigation is needed. It is our belief that further research
in this direction is justified.
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