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Abstract

Applying recent results for feasible regions of
compensation, we introduce an optimal algorithm for
computing combined phase and gain stability margins. We
consider the case of arational transfer function with
independent interval uncertainty in the numerator and
denominator. For any given frequency, our algorithm
expresses the minimal complex perturbation that

destabilizes the transfer function. We furnish an example
that contrast our results with classical margins for gain and
phase, aswell as with the structured singular value m
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1. Introduction

Stability margins are established tools for the assessment of
relative stability [5]. Traditional stability margins, the
phase margin and the gain margin, provide measures of
relative stability in the presence of phase or gain
perturbations, respectively.

Although most engineering systems with adequate phase
and gain margins perform satisfactorily, it is well known
that a system can have acceptabl e stability margins but poor
relative stability [5]. Thisis because the classical margins
do not examine the effect of simultaneous gain and phase
perturbations. A more complete assessment of relative
stability is possible if both a gain and a phase perturbation
are considered simultaneously. This more general
perturbation is harder to analyze but does offer significant
advantages.

We show that if line segments and circular arcs constitute
the boundary of the reciprocal Nyquist value set of a
transfer function, and if those segments and arcs are known,
then the complex stability margin can be easily determined.
Repeating the process at different frequencies provides a set
of complex stability margins for usein stability analysis.
The prerequisite step for implementing such a procedure is
the computation of the required line segments and circular
arcs. However, the much more difficult task of calculating
the reciprocal Nyquist value set is not required.
Nevertheless, knowledge of the Nyquist value set sheds
light on our objective. We therefore review the literature
on Nyquist value set computation.
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The Nyquist or reciprocal Nyquist value set of the quotient
of two interval polynomialsisacomplex uncertainty
structure, and its computation is somewhat more intricate
than that in the case an interval polynomial. Several

authors have provided algorithms that use gridding to
compute the quotient value set[2],[6]. Others have
attempted to compute the convex hull of the value set or
provided iterative algorithms for obtaining less conservative
estimates of the value set [16].

Fu [12] sketches a superexponential algorithm for
computing the Nyquist value set. Recently, Cockburnet al.
[6] introduce applications of computational geometry [15]
to the problem of explicating the value set boundary.
Independently, and bolstering research reported in[9],
Fadali and LaForge exploit techniques from computational
geometry to derive an optimal, linear time algorithm [8]
that computes the Nyquist value set or itsreciprocal [10].
Both the Nyquist value set and its reciprocal may be viewed
as Minkowski quotients.

For rational transfer functions, the cost of computing the
Nyquist value set boundary is dominated by the degree of
theinterval polynomials comprising numerator and
denominator [10]. By combining Horner’s Rule withthe
Dasgupta-Minichelli form of Kharitonov’s theorem, Fadali
and LaForge solve this subproblem with an optimal
algorithm Kharitonov-Rectangle ([10], Sections 2 and 3).
Kharitonov-Rectangle outputs edges that prescribe the
value sets of the plant transfer function numerator resp.
denominator. From this stage on, the problem of delineating
the Nyquist value set (or its reciprocal) reduces to finding
the boundary of the 16 arcs and 16 edges determined by
dividing the corners of each rectangle by the edges of the
other ([10], Lemma 2). Q-Boundary isan optimal,
constant time algorithm that performsthistask. The
number of distinct portions of Kharitonov-Rectangle and
edges and arcs on the Nyquist set boundary is bracketed by
aconstant, and under no circumstances exceeds 480

([10], Theorem 2).

In this paper we develop a new optimal algorithm that
computes robust stability margins for atransfer function
with numerator and denominator interval polynomials.
Estimates of the stability margin for more complex
uncertainty structures can be obtained by overbounding the
polynomials[1], [3]. By this we mean replacing the
uncertain polynomials with interval polynomials that
overbound their value sets. Although this may give



conservative estimates, it still provides useful information
about the relative stability of the system.

Under certain conditions, the results we obtain can be
applied to multivariable systems. For the case of diagonally
dominant multivariable systems, the above analysis can be
applied to each loop separately to yield stability robustness
estimates. An alternative approach isto use alittle known
theorem due to Rosenbrock [14] that reduces p-loop
multivariabl e stability testing to the sequential testing of p
single-input, single-output (SISO) systems.

We al so show how, at any given frequency, determining the
structured singular valuerieducesto finding the minimum
magnitude point in the reciprocal Nyquist value set.
Suppose that we have already used Q-Boundaryto
compute the arcs or edges comprising the reciprocal

Nyquist set boundary. By considering each arc or edge on
this boundary, we can find the minimum magnitude point in
constant time. If, on the other hand, we do not require an
explicit formulation of the reciprocal Nyquist set, then a
somewhat simpler algorithm, SSV (Structured Singular
Value) suffices. In optimal time proportional to the degree
of the dominant polynomials, SSV maps the outputs of
Kharitonov-Rectangle into 16 arcs and 16 edges

([10], Lemma 2), thence to the minimum magnitude point.

We begin the paper with a discussion of the Nyquist value
set for arational transfer function with independent
numerator and denominator interval polynomials. Next, we
discuss the complex stability margin and its computation
using the algorithm Q-Boundary. We provideillustrative
examples to show the limitations of other stability criteria.

2. The Nyquist Value Set

Consider the closed-loop transfer function of Figure 1
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Figure 1: Feedback loop illustrating system components
and their respective transfer functions.

To determine important characteristics of the closed-loop
transfer function it is necessary to examine the plant
transfer function. Here, the plant transfer function refersto
al transfer functions excluding the unstructured
perturbation Ods). The plant transfer function P(s) is the
ratio of a numerator polynomial A(s) of degree m and a
denominator polynomial B(s) of degreen,n3 m:

A(s):éaksk B(S):é.bk s @
k=0 k=0
The m+n+2 coefficients{ao, ..., a,,} =a and
{bo, ... b,} = b arefunctions of the physical parameters of
the plant. We assumethat areal interval [a;, a;'] contains

the k™ coefficient a;, for O£ k £m, and areal interval [bi,
b;'] similarly brackets each b, . We denote the two families
of uncertain polynomials by:

AD(S) = g. [a, vak+] xs*, B (s) :é [b; 1bk+] xs"
k=0 k=0
(©)
We write 49(w) and B2(jw) for the value sets of the
interval polynomialsA(s) and B(s) at agiven frequency.

The value sets of interval polynomials are described by
Kharitonov's Theorem [3], [13].

Theorem 1. The value sets of the interval polynomials(3)
are rectangles (5) - (8) in the complex plane.

Theorem 1 reduces uncertainty in (m+1) resp. (n+1)
dimensions to rectangles with sides paralleling the abscissa
and ordinate. Figure 2 gives an example of the Kharitonov
rectangles for the numerator and denominator polynomials.
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Figure 2: Kharitonov rectangles:
ARG =11,2]s + [1,2], BIG1) = [1,2]5* + [1,2]s + [1,2].

In (2) replace a; or b, with one end of the corresponding
interval in according to

Ai(S):é' ak( XSk’ Bl(s):é.bk/ x‘gk’i:lrzi---y4,
k=0 k=0
if c mod 41 {0,1}, thenl=—, elsel = + )

At any frequency w=wWy, the Kharitonov polynomials (4)
determine lines parallel to thereal and imaginary axes:

Aze (Wo) = Re[4, (jW,)].
Bge (jW,) = Re[B, (jw,)] ®)



A" (jW,) =Re[4,(jW,)] Bre (/Wo) = Re[B, (jw,)]
©®)

A (GWo) =IMLA,(W,)], B, (JW,) = IM[B,(jw,)]
™

An GW,o) =1Im4, (W)l B, (W) =Im[B,(jw,)]
®

In clockwise order, (4dre", Aim) =47, Ure, Am) = A,

(Are, Aim) =4", and (4dre’, A1) = 1_41 define the corners
of the rectangle whose boundary and interior comprise 4.
Similarly, the extrema of B™ are (Bre , Bim ) =B, (Bre »

Bim) = B",(Bre', Bim) =B, and (Bre', Bin) = B .
Barmish ([ 3], pp. 70-73) gives avery accessible proof of
Theorem 1.

Interval polynomials and their properties are extensively
discussed, together with other uncertainty structures, in
excellent texts covering the subject of robust stability
[1],[3]. Here we are more concerned with the quotient of
two interval polynomials.

Rewriting the transfer function of (1) in terms of the
interval polynomials gives

B (s)

A7(s)

T (s) =P H(s) +C(s) = +C(s) ©

Thereciprocal of astraight line segment is known to be a
circular arc, excluding the origin, of acircle passing
through the origin[1]. Hence, the Nyquist value set or its
reciprocal are characterized by the following lemma/[10].

Lemma 1: The boundary of P*7 isasubset of the sixteen
circular arcs and sixteen edges formed by dividing each of:
(i) the four corners of —B" by each of four edges of 45(16
arcs), (ii) the four edges of —B" by each of four corners of
A" (16 segments).

Lemma 1 characterizes the boundary of the Minkowski
quotient in terms of 16 arcs and 16 line segments. The
boundary of P27 is complex because of the wide variety of
combinations of the 16 arcs and edges possible. The
vertices of P"'T include intrinsic vertices of the arcs and
edges as well as nonintrinsic vertices resulting from the arc-
edgeintersections. Q-boundary allowsusto find the
nonintrinsic edges and construct the boundary of P2, We
exploit thisin the next section to determine the relative
stability of a plant with interval numerator and
denominator.

3. Complex Stability Margin

A multiplicative perturbation O{s) can result in significant
deterioration in the performance of the closed-loop system
of Figure 1 and may even result in instability. We seek the
set of complex perturbations that cause closed-loop
instability at agiven frequency and for agiven point on the
boundary of the Nyquist value set corresponding to a
parameter vector ¢,. We refer to the destabilizing
perturbations as the complex stability margin. The complex
stability margin is therefore given by

i W) = M We ™ - (]
CMGwa,) = [ =MW O
11+ D(W) XP(jw, q,) = 0

Solving for the minimal perturbation gives

. 1
CM(jw,q,)=- ——— (11)

P(jw,q,)

Clearly, aboundary for the region of destabilizing
perturbations at a given frequency is the negative of the
boundary of the reciprocal Nyquist value set. Hence, we
can use the algorithm Q-Boundary to determine the
complex stability margin at any desired frequency. The
interior of thisboundary isthe region of destabilizing
perturbations for the plant. Any perturbation outside this
region no matter how large will not destabilize the plant.
Because we do not consider nonmi nimum phase systems,
our analysis preclude cases where the outside of the
boundary isthe region of destabilizing perturbations.

4. Relation to mAnalysis
For the system of Figure 1, the smallest destabilizing
perturbation for the system is given by [11]

mn  {MW):1+D(w) xP(jw,q) =0 (12
w,D(jw)

where we have modified the equation for the SISO case we
consider in this paper. A system issaid to be robustly
stableif and only if the smallest destabilizing perturbation
exceeds unity. Note that in our analysiswe allow for a
structured perturbation in the parameter vector ¢ as well as
amultiplicative perturbation D

The structured singular value is defined as the reciprocal of
the smallest destabilizing perturbation

1
m= (13)
min {M(Ww):1+D(w)P(jw,q) =0}
D(jw)
It iswell known that the computation of the structured
singular value isintractable except for afew simple cases.
A stronger negative result due to Fu[11] shows that




computing tight bounds on the structured singular valueis
alsointractable, in general.

Comparing (13) to (10) shows that the structured singular
valueissimply

m=max CM(jw,q,) (14)
W

Hence, the structured singular value can be obtained by
searching over the boundary of the reciprocal Nyquist value
set for the point of minimum magnitude. The agorithm for
computing the structured singular valueis

Algorithm SSV (Structured Singular Value)

Input: upper and lower bounds for each coefficient of the
transfer function P = 4/B. The degree of 4 equalsm; and is
no greater than the degree n of B.

1) UseKharitonov-Rectangle-A to compute, intime
O(m), the Kharitonov rectangle for 4.

2) UseKharitonov-Rectangle-B to compute, in time
O(n), the Kharitonov rectanglefor B.

3) Compute (in, say, convex parametric form) the 16
arcsand 16 edges of [10], Lemma 2. Time: O(1)

4) Over al such arcs and edges, and in time O(1) find
the closest point to the origin. The magnitude of
this point equals the reciprocal of the structured
singular value.

Algorithm SSV does not check for minimum distance on a
circular arc. The special nature of the circular arcs that
form part of the boundary of the reciprocal Nyquist set
guarantees that the minimum distanceis at a vertex.

Lemma 2. The minimum distance from the origin over all
points of acircular arc obtained as the reciprocal of a
straight line segment is at a vertex.

Proof: Consider the circle obtained asthe reciprocal of a
straight line shown in Figure 3. Any such circle must pass
through the origin. The distance from the origin for any
point on the circle is the length of the line segment
subtending the arc from the origin to that particular point.
Compare two adjacent point on the segment between
vertices V[1] and V[2] and recall the cosinerule. We
conclude that the closest point to the origin among all
points on an arc of the circle isthe point with the shortest
arc from the origin.
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Figure 3: Circle from the reciprocal of a straight line.

It follows that the algorithm SSV correctly computes the
structured singular value for a system with structured and
mulitplicative perturbations.

Theorem 2. Algorithm SSV correctly computes the
structured singular value in optimum time Q (n).

Proof: The correctness of SSV follows from the correctness
of Kharitonov-Rectangle, from Lemma 2 of [10], and by
the definition of structured singular value. The O(n)

running time follows by summing the running times of the
respective steps, with some detail (but constant time
computation) omitted in step 4. With respect to a Turing
machine model of computation, SSV runsin optimal time
Q(n): any agorithm that solves for the structured singular
value must read the W(n) representation of the polynomial
input.

5. Extension to Multivariable Stability
Analysis

Rosenbrock [14] discussed testing multivariable system

stability using a series of SISO stability tests. His

discussion includes the following theorem [14].

Theorem 3. Consider ap-input-p-output systems with p
feedback loops numberedi =1,2, ..., p. The closed-loop
characteristic polynomial of the system withp feedback
loops closed is equal to the product of the characteristic
polynomials of the systems#;, i =1,2, ..., p, wheretheith
system is obtained by closing loops 1,2, ..., i, with al the
other loop open.

Using the above theorem, it is possible to extend the robust
stability analysis of Section 4 to multivariable systems. We
begin by investigating the stability of loop 1 with all other
loops closed. Next, we close loop 1 and investigate the
stability of loop 2. We continue sequentially until p- 1
loops are closed and the stability of the pth loop is
investigated.

6. Example and Discussion
Consider the uncertain system



[1.2]s +[1,2]
[L2]s 2 +[1,2]s +[1,2]

P(s) =

We take the nominal model for the system as the point
corresponding to the lower bound of the uncertainty interval
for each of the numerator and denominator coefficients.
This point yields the worst-case phase and gain margins for
the system.

Figure 4 shows the magnitude of the minimal destabilizing
perturbation for the system as afunction of frequency. The
minimum destabilizing perturbation over al frequenciesis
of magnitude 0.2801 at a frequency 0.6400 rad/s. The
corresponding structured singular value isme 3.5702

For the nominal system, the gain margin is not defined and
the phase margin is about 110°. This gives an overly
optimistic view of therelative stability of the system as
compared to the structured singular value m

Figure 5 shows the set of destabilizing perturbations for a
frequency of 0.64 rad/s (interior of quasi-polygon), and the
negative of the nominal plot of - P"* for asuitable
frequency grid. The magnitude of the smallest destabilizing
real perturbation isonly 0.5 even though the gain margin of
the nominal system isinfinite. We include the arcs and
segments that constitute the boundary in Figure 5 even
though the algorithm Q-boundary computes the boundary.
SSV uses the shown line segments and arcs to compute the
structured singular value. The algorithm considersthe
distance from the origin of at least two and at most three
points on each line segment and each circular arc. Clearly,
the computation of the reciprocal Nyquist value set by Q-
boundary is not required for SSV.
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Figure 4. Plot of the magnitude of the minimal
destabilizing perturbation versus frequency in rad/s.
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Figure 5. Set of destabilizing perturbations at w=0.64
and- P! plot for the nominal system.

7. Conclusion

While the stability of the nominal linear model of aphysical
system can be conveniently investigated using classical
frequency domain criteria, the stability of systemswith
parametric and nonparametric perturbations is more
problematic. This paper examines the stability of perturbed
systems guided by anew algorithm to compute the
reciprocal Nyquist value set for the ratio of two interval
polynomials and the structured singular value. The
investigation shows that traditional stability margins can
give misleading relative stability predictions. The
structured singular value improves the quality of the
predictions. The computation of the structured singular
value, which is known to be intractable in general, is shown
to betractable for the case of arational transfer function
with interval numerator and denominator. Similarly, we
can compute upper and lower bounds on the H¥ norm for
the same case. Contrary to statementsin the literature [12],
we emphasi ze that both mand the H¥ norm can be
computed without the computation of the Nyquist value
set.

The algorithm presented here promises further results for
robust stability computations. With some modifications,
the algorithm developed in this paper can be used for
transfer function where the boundary of the Ny quist value
set consists of line segments and circular arcs, other than
those with interval uncertainty structure.

Another important extension is the cal culation of the real
structured singular value (real Nh We have developed a
linear time algorithm for real ncomputation for the case of
interval polynomial numerator and denominator. Again,

the computation of real milike its complex counterpart,



does not require the computation of the Nyquist value set.
These topic are beyond the scope of this paper but will be
presented in forthcoming papers.
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